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ABSTRACT

A recent technique named Mechanically-inspired L1-norm-based Second-Order Ultrasound eLastography (L1-
MechSOUL) has provided a promising solution to the well-known issue of 2D tracking (both axial and lateral) in
ultrasound strain elastography. This technique optimizes a cost function consisting of a data term, a mechanical
congruence term, and first- and second-order continuity terms. However, L1-MechSOUL’s second-order regular-
izer considers only the unmixed second derivatives and disregards the mixed derivatives, which is a simplification
that causes suboptimal noise suppression and inaccurate displacement estimation. We propose to address these
challenges by formulating and optimizing a novel L1-norm-based second-order regularizer that penalizes both
mixed and unmixed displacement derivatives. The unmixed second derivatives in the direction of displacement
components (i.e., axial or lateral) regularize the normal strains, whereas we interpret the mixed second deriva-
tives of the axial or lateral displacement to regularize both normal and shear strains. We compared the proposed
technique against L1-MechSOUL using simulated and phantom datasets, resulting in improved mean structural
similarity, elastographic signal-to-noise ratio, and elastographic contrast-to-noise ratio by up to 14%, 91%, and
132%, respectively. These quantitative improvements collectively highlight our ability to deliver high-accuracy 2D
displacement and strain estimations that will advance the state-of-the-art in elastography-guided interventions.
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1. INTRODUCTION

Quasi-static strain imaging is a mainstream subspecialty of ultrasound elastography,1–3 which visualizes the
strain experienced by a tissue undergoing deformation, assuming that the strain of pathologic tissue will differ
from that of healthy tissue. An ultrasound strain elastography pipeline typically comprises radiofrequency (RF)
data acquisition pre- and post-tissue deformation, followed by displacement estimation and strain calculations
derived from spatial derivatives of the estimated displacement field.

Displacement tracking is arguably the most critical task in ultrasound elastography. Among numerous dis-
placement estimation techniques,4–9 energy function optimization10,11 is a two-step solution that offers spatially
smooth results. The first step models the tracking problem as a regularized cost function, which is then opti-
mized in the second step. However, like many estimation techniques, energy-based tracking suffers from accuracy
challenges associated with the noisy presentation of lateral displacement and strain maps. Mechanically-inspired
L1-norm-based Second-Order Ultrasound eLastography (L1-MechSOUL)12 was recently developed to address
this challenge by utilizing the mechanical relationship driven by the effective Poisson’s ratio between axial and
lateral strains. The L1-MechSOUL cost function consists of data and mechanical constancy terms, and a com-
bination of first- and second-order continuity terms. L1-MechSOUL uses only the unmixed second derivatives
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(∂2
y(·), ∂2

x(·)) to devise the second-order displacement regularizer. This simplified regularization scheme that
disregards the mixed second derivatives (∂2

xy(·)) may lead to suboptimal noise suppression and inaccurate esti-
mations of axial and lateral displacement and strain fields.

Herein, we aim to improve accuracy and suppress noise within L1-MechSOUL images by formulating a
novel L1-norm-based (alternatively known as “total variation”) second-order regularizer containing both mixed
and unmixed derivatives. Previous work13 utilized the mixed second derivative in L2-norm-based vascular
elastography. The current work employs the mixed second derivative in an L1-norm-based generalized 2D
displacement estimation framework.

2. METHODS

2.1 Displacement Tracking Technique

Our goal is to estimate the 2D displacement field between I1(i, j) and I2(i, j), which are two ultrasound RF
frames collected before and after tissue deformation, where 1 ≤ i ≤ m and 1 ≤ j ≤ n. Dynamic Programming
(DP)14 provides a gross estimate of the axial and lateral displacement fields a(i, j) and l(i, j). L1-MechSOUL12

formulates and optimizes a regularized cost function, Cl1m, consisting of data fidelity, spatial continuity, and
mechanical constraints to obtain ∆a(i, j) and ∆l(i, j), which refine the DP rough estimates:

Cl1m(∆a1,1, ...,∆am,n,∆l1,1, ...,∆lm,n) =∥DI(i, j, ai,j , li,j ,∆ai,j ,∆li,j)∥22 + γ∥∂ya1,j∥1 + wfα1∥∂ya− ϵa∥1+
wfα2∥∂xa− ϵa∥1 + wfβ1∥∂yl − ϵl∥1 + wfβ2∥∂xl − ϵl∥1 + wsα1∥∂2

ya∥1+
wsα2∥∂2

xa∥1 + wsβ1∥∂2
y l∥1 + wsβ2∥∂2

xl∥1 + α3∥(∂xl)i,j + νi,j(∂ya)i,j∥1
(1)

where DI(·) is a data fidelity term representing the difference between the RF signal amplitude in the pre-
deformed image and the warped post-deformed image,12 ∂y(·) and ∂x(·) are the axial and lateral first-order
derivatives, respectively, ∂2

y(·) and ∂2
x(·) denote the unmixed second-order axial and lateral derivatives, respec-

tively, ϵa and ϵl are the axial and lateral adaptive regularization parameters, respectively, νi,j is the effective
Poisson’s ratio, and γ, wf , ws, α1, α2, α3, β1, and β2 are tunable parameters. From a mechanical engineering
perspective, ∂ya and ∂xl refer to axial and lateral normal strains, respectively, and ∂xa and ∂yl denote axial and
lateral shear strains, respectively.

Cl1m considers only the unmixed derivatives to devise the second-order regularizer. Therefore, L1-MechSOUL
can be prone to suboptimal noise suppression and inaccurate displacement estimation. To address these limita-
tions, we introduce both unmixed (∂2

y(·), ∂2
x(·)) and mixed (∂2

xy(·)) second-order displacement derivatives in a
novel cost function Cnew.

Cnew(∆a1,1, ...,∆am,n,∆l1,1, ...,∆lm,n) =Cl1m(∆a1,1, ...,∆am,n,∆l1,1, ...,∆lm,n) + wsαm∥∂2
xya∥1+

wsβm∥∂2
xyl∥1

(2)

where αm and βm are tunable weights for the mixed second-order regularizer. Analytic optimization of Cnew

in an iterative fashion estimates ∆a(i, j) and ∆l(i, j), which are added to a(i, j) and l(i, j) to obtain the final
displacement fields. Spatial differentiation of the final displacement fields renders the strain estimates.

2.2 Validation Datasets and Metrics

A publicly available15 Field II-simulated16 phantom containing a hard inclusion (background Young’s mod-
ulus: 20 kPa, inclusion Young’s modulus: 40 kPa, Poisson’s ratio: 0.49) was used for in silico validation.
The simulated parameters included a transducer center frequency of 5 MHz and a sampling rate of 50 MHz.
Beamformed RF data were acquired at Johns Hopkins University from a breast phantom (CIRS, Norfolk, VA)
containing a stiff inclusion (background Young’s modulus: 20± 5 kPa, inclusion Young’s modulus: at least twice
of the background, Poisson’s ratio: 0.5). An Alpinion E-cube R12 system connected to an L3-8 probe (transmit
frequency: 8.5 MHz, sampling rate: 40 MHz) was utilized to acquire the experimental data.

In addition to visual assessment, the mean structural similarity (MSSIM)17 was used to compare the strain
estimates with simulated ground truth values. Elastographic signal-to-noise ratio (eSNR) and elastographic
contrast-to-noise ratio (eCNR) were utilized to quantitatively validate in silico and experimental phantom results.
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3. RESULTS

Figure 1 shows simulated strain estimation results. L1-MechSOUL obtains high-quality results revealing
the inclusion in axial and lateral strain images. However, there is also undesirable variability in both the
target and the background (relative to the ground truth image). The proposed technique qualitatively reduces
this variability, better resembling the ground truth. The MSSIM values reported in Table 1 agree with this
qualitative observation. In addition, the proposed method provides eSNR and eCNR improvements as large as
31% when compared to L1-MechSOUL.

Figure 2 shows strain estimates obtained with the experimental phantom dataset. Both L1-MechSOUL and
the proposed technique delineate the stiff inclusion in the axial and lateral strain images. The axial strains are
qualitatively less noisy than the lateral strains, which is quantitatively supported by the higher eSNR and eCNR
values in Table 2. The L1-MechSOUL strain images contain visible noise and spurious edges. The proposed
technique leverages the power of mixed second-order continuity to suppress the noise and remove the unwanted
edges, preserving the boundary between different tissue types. The associated quantitative results in Table 2
support this qualitative superiority of the proposed algorithm with improvements as large as 132% relative to
L1-MechSOUL.
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Figure 1: Simulated axial and lateral strain results.

Table 1: MSSIM, eSNR, and eCNR for the simulated dataset.
MSSIM eSNR eCNR

Axial Lateral Axial Lateral Axial Lateral
L1-MechSOUL 0.74 0.50 47.64 53.98 25.82 10.17

Proposed 0.84 0.56 62.46 67.64 33.14 11.03
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B-mode L1-MechSOUL Proposed
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Figure 2: Experimental axial and lateral strain results.

Table 2: eSNR and eCNR for the phantom dataset.
eSNR eCNR

Axial Lateral Axial Lateral
L1-MechSOUL 15.55 12.13 9.70 6.61

Proposed 29.67 16.29 22.51 11.30

4. DISCUSSION

This paper proposes a novel two-dimensional displacement estimation method for ultrasound strain elas-
tography that combines unmixed and mixed second-order displacement derivatives in a total variation-based
regularization framework. To our knowledge, this work is the first to combine mixed and unmixed second-order
regularizers in an L1-norm-based 2D displacement tracking algorithm.

Previous work18 demonstrated that L1-norm-based second-order spatial regularization can be an important
physics-based modeling component of the cost function associated with an energy function optimization-based
displacement tracking algorithm. However, existing L1-norm-based speckle tracking techniques12,18 only consider
unmixed derivatives to formulate the second-order regularizer, which underutilizes the full potential of second-
order continuity. This work combines mixed and unmixed second derivatives of the displacement fields to ensure
multi-directional continuity of axial and lateral strains, leading to improved motion modeling in quasi-static
elastography.

Based on the qualitative appearance of axial and lateral strain images (Figures 1 and 2), the proposed algo-
rithm produces smoother axial and lateral strains in both simulated and experimental cases, while maintaining
sharp edges. The associated MSSIM (Table 1) demonstrates that the proposed technique produces structurally
similar strain images to the ground truth. In addition, SNR and CNR (Tables 1 and 2) demonstrate that the
proposed algorithm simultaneously improves noise suppression, while preserving contrast. We also observe that
there are some minor discrepancies between the axial and lateral strains (e.g., Figure 2, depth 20 mm, lateral
positions 10 mm and 35 mm), which could be either artifacts or indicative of boundary constraints within the
experimental phantom. Most importantly, the proposed technique produces high-quality axial and lateral strain
estimations, which highlight the strength of the combination of L1-norm, mechanical constraints driven by the
effective Poisson’s ratio, and continuity constraints based on mixed and unmixed second-order derivatives. Fu-
ture work includes additional phantom acquisitions (e.g., to distinguish potential artifacts from image features
indicative of the boundary condition differences), in vivo studies, and evaluation of the total strain tensor (axial,
lateral, and shear) imaging potential of the proposed displacement tracking technique.
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5. CONCLUSION

We present a novel L1-norm-based second-order regularizer in a mechanically-inspired 2D displacement es-
timation framework. The proposed ultrasound strain estimation algorithm exploits both mixed and unmixed
displacement derivatives to formulate a second-order regularization scheme. Simulation and phantom validation
experiments demonstrated 8-132% improvements in strain estimation quality.
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